On certain third order boundary value problems on infinite interval by Greguš, Michal jun.
Archivum Mathematicum
Michal Greguš, Jr.
On certain third order boundary value problems on infinite interval
Archivum Mathematicum, Vol. 36 (2000), No. 5, 465--468
Persistent URL: http://dml.cz/dmlcz/107760
Terms of use:
© Masaryk University, 2000
Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.
This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz
ARCHIVUM MATHEMATICUM (BRNO)
Tomus 36 (2000), 465–468, CDDE 2000 issue
ON CERTAIN THIRD ORDER BOUNDARY VALUE PROBLEMS
ON INFINITE INTERVAL
Michal Greguš, Jr.
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Abstract. In this paper certain third order eigenvalue problems are stud-
ied. The motivation was given by the theory of the third order linear eigen-
value problems on finite intervals and asymptotic properties of solutions of
the third order linear differential equations [1].
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1. The aim of this paper is to study these two boundary value problems
y′′′ + 2A(t)y′ + [A′(t) + λb(t)]y = 0,(a)
y(a, λ) = y(b, λ) = y(c, λ) = 0, a ≤ b < c < ∞(1)
lim
t→+∞
y(t, λ) = 0(2)
and the problem (a), (1) and (2′) where
|y(t, λ)| < K, |y′(t, λ)| < K, K > 0, λ > 0,(2′)
under certain suppositions on the functions A,A′, b on [a,∞).
The result of this paper complete those which are given in monograph [1] in
the case that equation (a) is oscillatory on [a,∞) for each λ > 0, i.e. every solution
of (a) with one zero has infinite number of zeros on [a,∞).
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2. In this section we introduce certain auxiliary statements on the third order
differential equation given in [1].
In this and in the next section we will suppose that A′(t) and b(t) are continuous
functions on [a,∞) and b(t) > 0 for all t ∈ [a,∞).
Have the linear third order differential equation
y′′′ + 2A(t)y′ + [A′(t) + b(t)]y = 0,(a1)
(i.e. equation (a) with λ = 1).






converges to zero as t → +∞ and
∫ t
a
b(τ)dτ converges. Then every solution of the
differential equation (a1) converges to zero as t → ∞.
This Lemma was formulated and proved by M. Ráb in [2].
One of the sufficient conditions for the solutions of (3) to converge to zero as
t → ∞ is given in the following lemma [3].





A(t) = +∞. Then every solution y of (3) has the property limt→∞
y(t) = 0.
Lemma 3 (1, Theorem 3.18). Let the following assumptions in [a,∞) hold:
1. A(t) > 0, lim
t→∞
A(t) = ∞.
2. The function A−
1







Then every solution of (a1) and its first derivative are bounded in [a,∞).
This lemma was formulated and proved by M.Zlámal [4].
Lemma 4 (1, Corollary 2.3). Let the second order differential equation (3) be
oscillatory in [a,∞).Then (a1) is oscillatory in [a,∞) too, i.e. its every solution
having a zero is oscillatory in [a,∞).
Adaptation of the oscillation theorem [1, Theorem 4.5] to (a) yields the following
lemma.
Lemma 5. Suppose that A ≥ p2 for all t ∈ [a,∞), where p is a real constant and
moreover b(t) ≥ k > 0 on [a,∞) for some positive constant k.
Let λ ∈ (0,∞) and let y(t, λ) be a nontrivial solution of (a) with y(a, λ) = 0.
Then, for any fixed b > a, the number of zeros of y on [a, b] increases to infinity as
λ → ∞, in which case the distance between any consecutive zeros of y converges
to zero.
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The continuous dependence of zeros of solutions of (a) upon the parameters λ is
given in following lemma.
Lemma 6 (1, Lemma 4.2). Let y be a nontrivial solution of (a) on [a,∞) such
that y(a, λ) = 0. Then, the zeros of y on [a,∞) (if they exist) are continuous
functions of the parameter λ ∈ (0,∞).
With the help of the results given in the preceding lemmas one can prove the
following two theorems regarding the multipoint eigenvalue problems (a), (1), (2)
and (a), (1), (2′).
Theorem 1. Let the suppositions on A, A′, b given in Lemma 1, be fulfilled and
let A(t) > 0 and equation (3) be oscillatory on [a,∞). Let a ≤ b < c < ∞
be arbitrary, but fixed. Then there exists a natural number ν, a sequence of the






(eigenvalues) such that λν+p < λν+p+1 and
lim
p→∞







such that y(t, λν+p), p=0,1,... is a solution of (a) with λ = λν+p, which fulfills the
conditions (1), (2) and has exactly ν + p − 1 zeros on (b, c).
Proof. Let a < b < c < ∞. Let y(t, λ), λ > 0 be a nontrivial solution of (a)
such that y(a, λ) = y(b, λ) = 0. Such a solution of (a) evidently exists (see e.g.
properties of bands of solutions of (a), [1]). Solution y(t, λ) is oscillatory on [b,∞).
Construct now on [a,∞) the differential equation




b(t) for t ∈ [a, c]
b(c) for t > c.
On account of Lemma 4 equation (A) is oscillatory on [a,∞) for all λ > 0. Let
Y (t, λ) be a solution of (A) on [a,∞) with the property Y (a, λ) = Y (b, λ) = 0.
If we denote Y ′(b, λ) = y′(b, λ), Y ′′(b, λ) = y′′(b, λ) for all λ > 0, then clearly
Y (t, λ) = y(t, λ) is the solution of (a) for t ∈ [a, b] and λ > 0, too.
The function Y (t, λ) as a solution of (A) is oscillatory on [b,∞) for all λ > 0.
Let for λ = λ̄ > 0 the solution Y (t, λ̄) have exactly ν zeros in (b, c). Then
clearly, for the ν-th zero tν(λ̄) and the (ν + 1)-st zero tν+1(λ̄) of Y (t, λ̄) we have
tν(λ̄) < c ≤ tν+1(λ̄).
It follows from Lemma 5 (oscillation lemma), that for some λ̄ > λ̄ we have
tν+1(λ̄ < c. Since tν+1(λ) is a continuous function of the parameter λ (Lemma 6),
there exist λν ∈ [λ̄, λ̄) such that for λ = λν we have tν+1(λν) = c, i.e Y (c, λν) =
y(c, λν) = 0 and Y (t, λν) has exactly ν zeros in (b, c).
Continuing in this manner, we can find a sequence of values of the parameters
λ > 0
λν < λν+1 < · · · < λν+p < · · · ,
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to which there corresponds a sequence of functions
Yν , Yν+1, . . . , Yν+p, . . .
such that Yν+p = y(t, λν+p) is a solution of (A) satisfying conditions (1) and
Y (t, λν+p) has exactly ν + p − 1 zeros in (b, c).
But Y (t, λν+p) = y(t, λν+p) on [a, c] with the same initial conditions in c.
Therefore the solution y(t, λν+p) of (a) fulfills the boundary condition (1) and by








b(τ)dτ < ∞) the
solution y(t, λν+p) has the property (2), too and Theorem 1 is proved in the case
a < b < c < ∞.
If a = b < c < ∞, the proof is similar, but for the solution y with the double zero
at a for λ > 0.
By the same argument we can prove the following
Theorem 2. Let the suppositions on A,A′, b given in Lemma 3 be fulfilled on
[a,∞). Then the assertion of Theorem 1 holds with the exception that y(t, λν+p)
fulfills the condition (2′), (not the condition (2)).
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ential Equations, Spisy Přir. Fak Mu, Brno, 329 (1951), 159-167.
